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Indefinite Mean-Field Stochastic Linear-Quadratic
Optimal Control: From Finite Horizon to

Infinite Horizon
Yuan-Hua Ni, Xun Li, and Ji-Feng Zhang, Fellow, IEEE

Abstract—In this paper, the finite-horizon and the infinite-
horizon indefinite mean-field stochastic linear-quadratic optimal
control problems are studied. Firstly, the open-loop optimal con-
trol and the closed-loop optimal strategy for the finite-horizon
problem are introduced, and their characterizations, difference
and relationship are thoroughly investigated. The open-loop
optimal control can be defined for a fixed initial state, whose
existence is characterized via the solvability of a linear mean-field
forward-backward stochastic difference equation with stationary
conditions and a convexity condition. On the other hand, the exis-
tence of a closed-loop optimal strategy is shown to be equivalent to
any one of the following conditions: the solvability of a couple of
generalized difference Riccati equations, the finiteness of the value
function for all the initial pairs, and the existence of the open-loop
optimal control for all the initial pairs. It is then proved that the
solution of the generalized difference Riccati equations converges
to a solution of a couple of generalized algebraic Riccati equations.
By studying another generalized algebraic Riccati equation, the
existence of the maximal solution of the original ones is obtained
together with the fact that the stabilizing solution is the maximal
solution. Finally, we show that the maximal solution is employed
to express the optimal value of the infinite-horizon indefinite
mean-field linear-quadratic optimal control. Furthermore, for the
question whether the maximal solution is the stabilizing solution,
the necessary and the sufficient conditions are presented for
several cases.

Index Terms—Indefinite linear-quadratic optimal control,
mean-field theory, stochastic system.

I. INTRODUCTION

IN THIS paper, a kind of discrete-time stochastic linear-
quadratic (LQ) optimal control of mean-field type is in-

vestigated. Compared with the classical stochastic LQ optimal
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control, an important feature of the problem is that both the
objective functional and the dynamics involve the states and the
controls as well as their expected values. In this case, the system
equation is a discrete-time stochastic difference equation (SDE)
of McKean-Vlasov type, which is also referred as the mean-
field SDE (MF-SDE). As a feature of such a class of SDEs, the
dynamics depend on the statistical distribution of the solution,
which provides simple but effective techniques for studying
large systems by reducing their dimension and complexity. This
new feature roots itself in the category of the mean-field theory,
which is developed to study the collective behaviors resulting
from individuals’ mutual interactions in various physical and
sociological dynamical systems. According to the mean-field
theory, the interactions among agents are modeled by a mean-
field term. When the number of individuals goes to infinity, the
mean-field term approaches the expected value.

The past few years have witnessed many successful ap-
plications of the mean-field formulation in various fields of
engineering, games, finance and economics; and the mean-field
control theory has attracted much attention from the mathemat-
ics and control communities. The investigation of continuous-
time mean-field stochastic differential equations can be traced
back to the 1960s [32]. In [3], to cope with the possible time-
inconsistency of the optimal control, an extended version of
dynamic programming principle is derived by using the Nisio
nonlinear operator semigroup. Recently, stochastic maximum
principles of mean-field type are extensively studied in several
works [2], [22], [30], and [41], which specify the necessary
conditions for the optimality. The results range from the case of
a convex action space to the case of a general action space. As
applications, the Markowitz mean-variance portfolio selection
and a class of mean-field LQ problems are studied in [2]
and [30] by using the stochastic maximum principle. In [41],
the stochastic maximum principle under partial information is
investigated, while [22] presents the maximum principle for the
controlled mean-field forward-backward stochastic differential
equations with Poisson jumps. In [43], the definite mean-field
LQ control with a finite time horizon is systemically studied
by using a variational method and a decoupling technique. It
is shown that the optimal control is of linear feedback form
and that the gains are represented by the solutions of two
coupled differential Riccati equations. In [20], the discrete-time
definite mean-field LQ problem is formulated as an operator
stochastic LQ optimal control problem. By the kernel-range
decomposition representation of the expectation operator and
its pseudo-inverse, an optimal control is obtained based on the
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solutions of two Riccati difference equations. Furthermore, the
closed-loop formulation is also investigated. Later, [23] and
[33] generalize results in [20] and [43] to the case with an
infinite time horizon.

As pointed out above, the mean-field stochastic differen-
tial equations were first studied in 1960s. A recent study
on controlled mean-field stochastic differential and difference
equations is partially relighted by a surge of interest in mean-
field games (see [10]–[15], [24]–[26], [28], [31], [38], and [40]).
Compared with the topic of this paper, mean-field games use
decentralized controls, that is, the controls are selected to
achieve each individual’s own goal by using local information.
In [24]–[26], Huang, Caines and Malhame investigate large
population stochastic dynamical games with mean-field terms.
Independently, Lasry and Lions [28] introduce similar prob-
lems from the viewpoint of the mean-field theory. Now both
the Huang-Caines-Malhame and the Lasry-Lions formulations
are termed as mean-field games. Subsequently, for the large
population multi-agent systems, [31] and [40] deal with the
asymptotically optimal decentralized control problem and the
problem with Markov jump parameters, respectively. In [10]
and [11], LQ N -person games and mean-field games with er-
godic costs are intensively explored via studying the Hamilton-
Jacobi-Bellman and Kolmogorov-Fokker-Planck (HJB-KFP)
equations; the contents range from the existence of affine Nash
equilibria of the LQ N -person game, the asymptotical property
of the HJB-KFP equations, and examples with explicit solu-
tions. Risk-sensitive mean-field games are firstly formulated in
[38] together with several interesting aspects: the equation that
the mean-field value satisfies, an explicit solution of the mean-
field best response and an equivalent mean-field risk-neutral
formulation. In [13], LQ mean-field games are investigated via
the adjoint equation approach; several sufficient conditions are
presented to ensure the existence and uniqueness of equilibrium
strategy. Interestingly, a mean-field LQ optimal control with fi-
nite horizon is also studied using the same approach. Concerned
with the difference between mean-field games and mean-field
optimal control, “mean field games can be reduced to a standard
control problem and an equilibrium, and mean field type control
is a nonstandard control problem” [12]. We can refer to [12],
[14], [15] and other related works for more extensive contents
of the backgrounds, results, methodologies and more advanced
questions of these two classes of mean-field type problems.

Mean-field stochastic LQ optimal control with indefinite cost
weighting matrices is studied in this paper, which is referred
as the indefinite mean-field stochastic LQ optimal control.
Indefinite stochastic LQ optimal control without mean-field
terms was first studied at the end of last century. It is found
that an indefinite stochastic LQ problem may still be well-
posed, which challenges the standard belief about LQ problems
[4]–[7]. It is further shown that the indefinite stochastic LQ
problems are closely related to Markowitz’s mean-variance
portfolio selection problems in financial investment [29], [45].
As pointed out in [29] and [45], when the expectations of
state and control appear nonlinearly in the cost functional,
the corresponding problems are nonseparable in the sense that
the standard dynamic-programming-based methodology fails
to work. In [34], for an inhomogeneous version of Problem

(MF-LQ) with Lk, L̄k = 0, k ∈ T (see in Section II), the au-
thors propose a modified backward recursive technique, and get
around the nonseparability using the method of completing the
square. Moreover, it is shown that the well-posedness and the
solvability of the mean-field LQ problem are both equivalent
to the solvability of a couple of generalized difference Riccati
equations (GDREs) and a constrained linear recursive equation.
As an application, the multi-period mean-variance portfolio
selection is well studied, and the obtained results extend those
in [29] to the case that the return rates of the risky securities are
possibly degenerate.

In this paper, we shall investigate both the finite-horizon and
the infinite-horizon indefinite mean-field stochastic LQ optimal
control problems. For the finite-horizon poblem, we give a more
detailed and deeper investigation than that in [34]. Specifically,
we introduce the open-loop optimal control and the closed-
loop optimal strategy, and investigate their characterizations,
difference and relationship. The open-loop optimal control
can be defined for a fixed initial state, whose existence is
characterized via the solvability of a linear mean-field forward-
backward stochastic difference equation (MF-FBSDE) with
stationary conditions and a convexity condition. Note that the
open-loop optimal control may depend on the initial state. In
contrast to this, the closed-loop optimal strategy is required to
be independent of all the initial pairs. It is then shown that the
existence of the closed-loop optimal strategy is equivalent to
the solvability of a couple of GDREs, the finiteness of the value
function for all the initial pairs, and the existence of the open-
loop optimal control for all the initial pairs.

To study the infinite-horizon mean-field LQ optimal control,
we first review the properties of the stability of the
MF-SDEs and introduce a couple of generalized algebraic
Riccati equations (GAREs). To study the GAREs, we construct
another GARE, by which we easily obtain the existence and
the properties of the maximal solution of the original GAREs.
It is then shown that the maximal solution to the GAREs is
employed to express the optimal value of the infinite-horizon
mean-field LQ optimal control. Finally, the problem “when is
the maximal solution of the GAREs a stabilizing solution?”
is partially addressed. This relates to an open problem raised
by the seminal work [42] of finding an optimal control by the
primal-dual semidefinite programming (SDP) technique.

As mentioned above, the discrete-time linear MF-FBSDEs
are introduced in this paper. Compared with the continuous-
time backward stochastic differential equations and forward-
backward stochastic differential equations, the discrete-time
case has more compact forms and are easier to validate the
well-posedness of the existence of the solutions. Concerned
with the differences, we consider the infinite-horizon backward
stochastic difference and differential equations. The infinite-
horizon backward differential equations (without mean-field
terms) are intensively studied in [35] and [37]; it is shown
that the L2-stable solution exists under mild conditions. To
the best of our knowledge, there are some difficulties to estab-
lish similar results for the infinite-horizon backward stochastic
difference equations. Unlike the Brownian motion that drives
the continuous-time backward differential equations in [35]
and [37], the noise {wk} in this paper is assumed to be any
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martingale difference with properties (2) given below.
Generally speaking, the process {vk =

∑k
l=0 wl} does not have

the so-called martingale characterization, as the one for the
Brownian motion. Due to this fact, in the study of the infinite-
horizon mean-field LQ optimal control we do not touch the
infinite-horizon discrete-time MF-FBSDEs, which will be left
for future research.

The remainder of this paper is organized as follows.
Sections II and III deal with the finite-horizon and the
infinite-horizon mean-field LQ optimal control, respectively. In
Section IV, several examples are presented. Section V gives
some concluding remarks.

II. INDEFINITE MEAN-FIELD STOCHASTIC LQ OPTIMAL

CONTROL OVER A FINITE HORIZON

A. Open-Loop Optimal Control

Consider the following dynamic system:⎧⎪⎨⎪⎩
xk+1 = (Akxk + ĀkExk +Bkuk + B̄kEuk)

+ (Ckxk + C̄kExk +Dkuk + D̄kEuk)wk

x0 = ζ, k ∈ T

(1)

where Ak, Āk, Ck, C̄k ∈ Rn×n, and Bk, B̄k, Dk, D̄k ∈ Rn×m

are given deterministic matrices; T denotes the set
{0, 1, . . . , N − 1}. In (1), {xk, k ∈ T̄}, {uk, k ∈ T} and
{wk, k ∈ T} are the state, control and disturbance process,
respectively, with T̄ = {0, 1, . . . , N}; {wk} is assumed to be a
martingale difference sequence defined on a probability space
(Ω,F , P ), and

E[wk+1|Fk] = 0, E
[
(wk+1)

2|Fk

]
= 1 (2)

with Fk being the σ-algebra generated by {x0, wl, l =
0, 1, . . . , k}. For convenience, F−1 denotes σ(x0). The initial
value ζ is assumed to be square integrable. The cost functional
associated with (1) is

J(ζ;u) =

N−1∑
k=0

E
[
xT
kQkxk + (Exk)

T Q̄kExk + 2xT
kLkuk

+ 2(Exk)
T L̄kEuk + uT

kRkuk + (Euk)
T R̄kEuk

]
+ E

(
xT
NGNxN

)
+ (ExN )T ḠNExN (3)

where Qk, Q̄k ∈ Rn×n, Rk, R̄k ∈ Rm×m, Lk, L̄k ∈ Rn×m,
k ∈ T, GN , ḠN ∈ Rn×n are deterministic symmetric matrices
of appropriate dimensions.

For any t ∈ T, denote {t, . . . , N − 1} and {t, . . . , N} by Tt

and T̄t, respectively. Clearly, T0 = T, T̄0 = T̄. Let L2
F(Tt;H)

be the set of H-valued processes ν = {νk, k ∈ Tt} such that
νk is Fk−1-measurable and

∑N−1
k=t E|νk|2 < ∞. In addition,

L2
F(t;H) is the set of random variables ξ such that ξ ∈ H

is Ft−1-measurable and E|ξ|2 < ∞. Let X0 = {ζ|ζ is F−1 −
measurable and square integrable}, which denotes the set of all
the initial states. Then the optimal control over T is stated as
follows.

Problem (MF-LQ). Given ζ ∈ X0, find a u∗ ∈ L2
F(T;R

m)
such that

J(ζ;u∗) = inf
u∈L2

F (T;Rm)
J(ζ;u). (4)

For any admissible control u ∈ L2
F(T;R

m), the requirement
that uk is Fk−1-measurable is parallel to the standard state-
ment on the admissible controls of continuous-time stochastic
optimal control; see [21] and [44] for details. Furthermore, by
known result of probability theory, there exists a measurable
function fk such that uk = fk(x0, w0, . . . , wk−1). In other
words, uk is determined from {k, x0, w0, . . . , wk−1} only,
irrespective of how the state process x of (1) develops. From
this and the standard arguments about the open-loop control [9],
any u in L2

F(T;R
m) can be viewed as an open-loop control. We

then call u∗ satisfying (4) an open-loop optimal control for the
initial state ζ. Here, the “open-loop optimal” is due to the fact
that we minimize J(ζ;u) over L2

F(T;R
m).

Introduce an inner product in L2
F(T;R

p) (p = n,m)〈
y(1), y(2)

〉
=

N−1∑
k=0

E

((
y
(1)
k

)T
y
(2)
k

)
for y(1), y(2) ∈ L2

F(T;R
p), and use the convention⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Qx)(·) = Q·x·, ∀x ∈ L2
F(T;R

n)

(Q̄ϕ)(·) = Q̄·ϕ·, ∀ϕ = (ϕ0, . . . , ϕN−1)

with ϕk ∈ Rn such that
N−1∑
k=0

|ϕk|2 < ∞

(LTx)(·) = LT
· x·, ∀x ∈ L2

F(T;R
n)

(L̄Tϕ)(·) = L̄T
· ϕ·, ∀ϕ = (ϕ0, . . . , ϕN−1)

with ϕk ∈ Rn such that
N−1∑
k=0

|ϕk|2 < ∞

(Ru)(·) = R·u·, ∀u ∈ L2
F(T;R

m)

(R̄ψ)(·) = R̄·ψ·, ∀ψ = (ψ0, . . . , ψN−1) with ψk ∈ Rm

such that
N−1∑
k=0

|ψk|2 < ∞

(Eν)(·) = Eν·, ν ∈ L2
F (T;R

p).

For L2
F (N − 1;Rp) (p = n,m), an inner product is defined as〈

y(1), y(2)
〉
= E

(
y(1)T y(2)

)
, y(1), y(2) ∈ L2

F(N − 1;Rp).

The cost functional J(ζ;u) is then represented as

J(ζ;u) = 〈Qx, x〉+ 〈Q̄Ex,Ex〉+ 2〈LTx, u〉+ 2〈L̄TEx,Eu〉
+ 〈Ru, u〉+ 〈R̄Eu,Eu〉+ 〈GxN , xN 〉
+ 〈ḠExN ,ExN 〉. (5)

Fixing ζ, J(ζ;u) is a quadratic functional of u, and x is the
internal state, which is induced by ζ and u.

In what follows, we shall calculate the first order and second
order directional derivatives (when they exist), and intend to
characterize the existence of the optimal control via the two
derivatives. Denote by xλ the solution to (1) with control u+
λū. Hence⎧⎪⎪⎨⎪⎪⎩

xλ
k+1−xk+1

λ =
[
Ak

xλ
k−xk

λ + Āk
Exλ

k−Exk

λ +Bkūk + B̄kEūk

]
+
[
Ck

xλ
k−xk

λ + C̄k
Exλ

k−Exk

λ +Dkūk + D̄kEūk

]
wk

xλ
0−x0

λ = 0.
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As (xλ
0 − x0)/λ = 0, ((xλ

k+1 − xk+1)/λ) is then independent
of u and λ. For k ∈ T, denote (xλ

k+1 − xk+1)/λ by yk+1,
which satisfies⎧⎪⎨⎪⎩

yk+1 = [Akyk + ĀkEyk +Bkūk + B̄kEūk]

+ [Ckyk + C̄kEyk +Dkūk + D̄kEūk]wk

y0 = 0, k ∈ T.

(6)

Clearly, for any k ∈ T̄, it holds that xλ
k = xk + λyk. To obtain

the first order directional derivative, we need some prepara-
tions. Simple calculations show that

lim
λ↓0

〈R(u+ λū), u+ λū〉 − 〈Ru, u〉
λ
= 2〈Ru, ū〉+ lim

λ↓0
λ〈Rū, ū〉 = 2〈Ru, ū〉.

Similarly, we have

lim
λ↓0

〈
R̄E(u+ λū),E(u + λū)

〉
− 〈R̄Eu,Eu〉

λ
= 2〈R̄Eu,Eū〉

lim
λ↓0

〈Qxλ, xλ〉 − 〈Qx, x〉
λ

= 2〈Qx, y〉

lim
λ↓0

〈Q̄Exλ,Exλ〉 − 〈Q̄Ex,Ex〉
λ

= 2〈Q̄Ex,Ey〉

lim
λ↓0

〈LTxλ, u+ λū〉 − 〈LTx, u〉
λ

= 〈LTx, ū〉+ 〈LT y, u〉

lim
λ↓0

〈
L̄TExλ,E(u + λū)

〉
− 〈L̄TEx,Eu〉

λ
= 〈L̄TEx,Eū〉

+ 〈L̄TEy,Eu〉.
Therefore, the first order directional derivative with the direc-
tion ū is given by

dJ(ζ;u; ū) = lim
λ↓0

J(ζ;u + λū)− J(ζ;u)

λ

= 2〈Qx, y〉+2〈Q̄Ex,Ey〉+2〈LTx, ū〉+2〈LTy, u〉
+ 2〈L̄TEx,Eū〉+ 2〈L̄TEy,Eu〉+ 2〈Ru, ū〉
+ 2〈R̄Eu,Eū〉+2〈GxN , yN〉+2〈ḠExN ,EyN 〉.

Similarly, we can derive the second order directional derivative
with the directions ū and û

d2J(ζ;u; ū; û)

= lim
λ↓0

dJ(ζ;u+ λû; ū)− dJ(ζ;u; ū)

λ
= 2〈Qŷ, y〉+2〈Q̄Eŷ,Ey〉+ 2〈LT ŷ, ū〉+ 2〈LT y, û〉
+ 2〈LTEŷ,Eū〉+ 2〈LTEy,Eû〉+ 2〈Ru, ū〉
+ 2〈R̄Eu,Eū〉+ 2〈GŷN , yN 〉+ 2〈ḠEŷN ,EyN 〉

where⎧⎪⎨⎪⎩
ŷk+1 = [Ak ŷk + ĀkEŷk +Bkûk + B̄kEûk]

+ [Ckŷk + C̄kEŷk +Dkûk + D̄kEûk]wk

ŷ0 = 0.

If û = ū, then it holds that

d2J(ζ;u; ū; ū) = 2J(0; ū) (7)

which is independent of u and ζ. Furthermore, we can show
that J(ζ;u) is infinitely differentiable in the sense that the
directional derivatives of all orders exist.

By classical results on convex analysis [19], the convex-
ity of the map u 	→ J(ζ;u) can be fully characterized via
d2J(ζ;u; ū; ū), and we have the following result by combining
the property (7).

Lemma 2.1: The following statements are equivalent.

(i) The map u 	→ J(0;u) is convex.
(ii) infu∈L2

F (T;Rm) J(0;u) ≥ 0.
(iii) The map u 	→ J(ζ;u) is convex.

The following theorem gives several equivalent characteri-
zations on the existence of the open-loop optimal control of
Problem (MF-LQ).

Theorem 2.1: Given ζ ∈ X0, the following statements are
equivalent.

(i) There exists an open-loop optimal control of Problem
(MF-LQ).

(ii) There exists a u∗ in L2
F(T;R

m) such that

∀ ū ∈ L2
F (T;R

m), dJ(ζ;u∗; ū) = 0 (8)

and infu∈L2
F (T;Rm) J(0;u) ≥ 0.

(iii) There exists a u∗ in L2
F(T;R

m) such that the following
MF-FBSDE admits a solution (x, z):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1 =
(
Akxk + ĀkExk +Bku

∗
k + B̄kEu

∗
k

)
+
(
Ckxk + C̄kExk +Dku

∗
k + D̄kEu

∗
k

)
wk

zk = AT
k E(zk+1|Fk−1) + ĀT

k Ezk+1

+ CT
k E(zk+1wk|Fk−1) + C̄T

k E(zk+1wk)

+ Qkxk + Q̄kExk + Lku
∗
k + L̄kEu

∗
k

x0 = ζ, zN = GxN + ḠExN , k ∈ T

(9)

with the following stationary conditions⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = BT

k E(zk+1|Fk−1) + B̄T
k Ezk+1

+ DT
k E(zk+1wk|Fk−1) + D̄T

k E(zk+1wk)

+ LT
k xk + L̄T

k Exk +Rku
∗
k + R̄kEu

∗
k

k ∈ T.

(10)

Moreover, the following holds:

inf
u∈L2

F (T;Rm)
J(0;u) ≥ 0. (11)

Under any of above conditions, u∗ is an optimal control and
the optimal value of Problem (MF-LQ) at ζ is given by

V (ζ) = inf
u∈L2

F (T;Rm)
J(ζ;u) = E

[
zT0 ζ
]
. (12)

Proof: Since J(ζ;u) is infinitely differentiable with
respect to u and d2J(ζ;u; ū; ū) is independent of u, the
minimizing point u∗ of J(ζ;u) is characterized by the first
order and second order derivatives: dJ(ζ;u∗; ū) = 0 and
d2J(ζ;u∗; ū; ū) ≥ 0 for any ū in L2

F(T;R
m). Due to this and

Lemma 2.1, the equivalence between (i) and (ii) follows. We
now prove the equivalence between (ii) and (iii).

(iii)⇒ (ii). From (6), we have{
Eyk+1 = (Ak + Āk)Eyk + (Bk + B̄k)Eūk

Ey0 = 0, k ∈ T⎧⎪⎪⎪⎨⎪⎪⎪⎩
yk+1 − Eyk+1 = [Ak(yk − Eyk) +Bk(ūk − Eūk)]

+
[
Ck(yk − Eyk) + (Ck + C̄k)Eyk

+ Dk(ūk−Eūk)+(Dk+D̄k)Eūk

]
wk

y0 − Ey0 = 0, k ∈ T.
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Furthermore, from (9), it holds that⎧⎪⎪⎪⎨⎪⎪⎪⎩
zk − Ezk = AT

k (E(zk+1|Fk−1)− Ezk+1)

+ CT
k (E(zk+1wk|Fk−1)− E(zk+1wk))

+ Qk(xk − Exk)+ Lk (u
∗
k − Eu∗

k)

zN−EzN =G(xN−ExN ), k ∈ T

(13)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ezk = (Ak + Āk)

TEzk+1

+(Ck + C̄k)
TE(zk+1wk)

+(Qk + Q̄k)Exk + (Lk + L̄)Eu∗
k

EzN = (G+ Ḡ)ExN , k ∈ T.

(14)

Therefore, we have for any ū ∈ L2
F(T;R

m)

1

2
dJ(ζ;u∗; ū)

=

N−1∑
k=0

E

{[
AT

k (E(zk+1|Fk−1)− Ezk+1)

+ CT
k (E(zk+1wk|Fk−1)− E(zk+1wk))

+ Qk(xk − Exk) + Lk (u
∗
k−Eu∗

k)− (zk − Ezk)
]T

· (yk − Eyk) +
[
BT

k (E(zk+1|Fk−1)− Ezk+1)

+DT
k (E(zk+1wk|Fk−1)− E(zk+1wk))

+ LT
k (xk − Exk) +Rk (u

∗
k − Eu∗

k)
]T

(ūk − Eūk)
}

+
N−1∑
k=0

{[
(Ak + Āk)

TEzk+1 − Ezk

+ (Ck + C̄k)
TE(zk+1wk)

+ (Qk + Q̄k)Exk + (Lk + L̄k)Eu
∗
k

]T
Eyk

+
[
(Bk + B̄k)

TEzk+1 + (Lk + L̄k)
TEx

+ (Dk + D̄k)
TE(zk+1wk)

+ (Rk + R̄k)Eu
∗
k

]T
Eūk

}
. (15)

Due to (10) and (13)–(15), we have

dJ(ζ;u∗; ū) = 0, ∀ ū ∈ L2
F(T;R

m).

Therefore, (ii) holds.
(ii)⇒ (iii). Let u∗ be the optimal control of Problem

(MF-LQ). Substituting this u∗ into (9), the MF-FBSDE (9) is
then a partially decoupled one, i.e., the backward state z does
not appear in the forward MF-SDE (equation for x). Therefore,
given (x, u∗), the mean-field backward stochastic difference
equation (MF-BSDE)⎧⎪⎪⎪⎨⎪⎪⎪⎩

zk = AT
k E(zk+1|Fk−1) + ĀT

k Ezk+1

+ CT
k E(zk+1wk|Fk−1) + C̄T

k E(zk+1wk)

+ Qkxk + Q̄kExk + Lku
∗
k + L̄kEu

∗
k

zN = GxN + ḠExN , k ∈ T

is well-defined. This means that the MF-FBSDE (9) admits a
solution (x, z). We then have the expressions (13) and (14),
which imply the desired result (15). As ū can be arbitrarily
selected in L2

F (T;R
m), (10) holds from (8) and (15).

Finally, similar to (15), we can get the result (12). This
completes the proof. �

Let

J(t, �;u)

=

N−1∑
k=t

E
[
xT
k Qkxk + (Exk)

T Q̄kExk + 2xT
kLkuk

+ 2(Exk)
T L̄kEuk + uT

kRkuk + (Euk)
T R̄kEuk

]
+ E

(
xT
NGNxN

)
+ (ExN )T ḠNExN

where t ∈ T and � ∈ L2
F(t;R

m). We then state the following
problem.

Problem (MF-LQ)t. Given � ∈ L2
F (t;R

m), find a u∗ ∈
L2
F(Tt;R

m) such that

J(t, �;u∗) = inf
u∈L2

F (Tt;Rm)
J(t, �;u).

When t = 0, Problem (MF-LQ)0 is a version of Problem
(MF-LQ). We then have the following corollary.

Corollary 2.1: Let Problem (MF-LQ) admit an open-loop
optimal control u∗ and (x(·; ζ, u∗), z(·; ζ, u∗)) be the solution
of the MF-FBSDE (9). Then for any t ∈ T, the optimal value
of Problem (MF-LQ)t with the initial state x(t; ζ, u∗) is finite,
and u∗|Tt

, the restriction of u∗ on Tt, is the optimal control of
Problem (MF-LQ)t for the initial state x(t; ζ, u∗).

Proof: It holds that the restriction of (9) on T̄t admits
a solution with initial forward state x(t; ζ, u∗). Furthermore,
versions of (10) and (11) are satisfied. We thus achieve the
conclusions. �

B. Closed-Loop Optimal Strategy

We now introduce a type of closed-loop optimal strategy for
Problem (MF-LQ). This notion is motivated by those in [20]
and [36].

Definition 2.1: (i) Let u = {Kkxk + K̄kExk, k ∈ T} be a
control of (1) with Kk, K̄k ∈ Rm×n, k ∈ T, being deterministic
matrices. If Kk, K̄k, k ∈ T, are independent of all the initial
pairs (t, �), t ∈ T, � ∈ L2

F(t;R
m), we then call (K, K̄) =

{(Kk, K̄k), k ∈ T} a closed-loop strategy of (1).
(ii) A closed-loop strategy (K∗, K̄∗) = {(K∗

k, K̄
∗
k), k ∈ T}

of (1) with K∗
k, K̄

∗
k ∈ Rm×n, k ∈ T, is called a closed-loop

optimal strategy of Problem (MF-LQ) if

J
(
t, �; (K∗x∗ + K̄∗Ex∗)|Tt

)
≤ J(t, �;u) (16)

holds for all t ∈ T, � ∈ L2
F(t;R

n) and u ∈ L2
F(Tt;R

m).
Here, K∗x∗ + K̄∗Ex∗ is understood as the control {K∗

kx
∗
k +

K̄∗
kEx

∗
k, k ∈ T} with x∗ being the corresponding state of (1),

and (K∗x∗ + K̄∗Ex∗)|Tt
is the restriction of K∗x∗ + K̄∗Ex∗

on Tt.
Remark 2.1: Note that the open-loop optimal control can be

defined for a given initial pair, which may be viewed as a local
property. In contrast to this, we shall refer to the property that
closed-loop strategies are independent of all the initial pairs as
being a global property. Furthermore, in Definition 2.1, (16)
holds for all the t ∈ T and � ∈ L2

F(t;R
n), which is different

from that in [36] and [37]. This is because of the following fact.
If (16) holds at t = 0 for any � ∈ L2

F(0;R
n), we cannot assure

that (16) holds at any t ∈ T1 and any � ∈ L2
F(t;R

n).
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Introduce a control uv = {K∗xk + K̄∗Exk + vk, k ∈ T}
with v ∈ L2

F (T;R
m), under which (1) becomes⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

xk+1 =
[
(Ak +BkK

∗
k)xk +Bkvk + B̄kEvk

+ (Āk +BkK̄
∗
k + B̄k(K

∗
k + K̄∗

k))Exk

]
+
[
(Ck +DkK

∗
k)xk +Dkvk + D̄kEvk

+
(
C̄k+DkK̄

∗
k+D̄k(K

∗
k+K̄∗

k)
)
Exk

]
wk

x0 = ζ, k ∈ T.

(17)

Furthermore, let

Ĵ(t, �; v|Tt
) = J

(
t, �; (K∗x+ K̄∗Ex+ v)|Tt

)
where x is the state of (17). Clearly, under the control uv, the
state x of (17) is in L2

F(T̄;R
n). Therefore, (16) is equivalent to

that

Ĵ(t, �; 0|Tt
) ≤ Ĵ(t, �; v|Tt

)

holds for any t ∈ T, � ∈ L2
F(t;R

n) and v ∈ L2
F(T;R

m).
Therefore, 0|Tt

is the optimal control of Problem (MF-LQ)t.
Similar to the proof of Theorem 2.1, we can obtain the follow-
ing result.

Proposition 2.1: (K∗, K̄∗) is a closed-loop optimal strategy
of Problem (MF-LQ) if and only if for any t ∈ T and � ∈
L2
F(t;R

n) the following MF-FBSDE admits a solution (x, z):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1 =
[
(Ak +BkK

∗
k)xk

+
(
Āk +BkK̄

∗
k + B̄k

(
K∗

k + K̄∗
k

))
Exk

]
+
[
(Ck +DkK

∗
k)xk

+
(
C̄k+DkK̄

∗
k+D̄k

(
K∗

k+K̄∗
k

))
Exk

]
wk

zk = AT
k E(zk+1|Fk−1) + ĀT

k Ezk+1

+ CT
k E(zk+1wk|Fk−1) + C̄T

k E(zk+1wk)

+ (Qk + LkK
∗
k)xk

+
(
Q̄k + LkK̄

∗
k + L̄k

(
K∗

k + K̄∗
k

))
Exk

xt = �, zN = GxN + ḠExN , k ∈ Tt

(18)

such that the following stationary conditions hold, a.s.,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 = (Bk + B̄k)
TEzk+1 + (Dk + D̄k)

TE(zk+1wk)

+
[
(Lk + L̄k)

T + (Rk + R̄k)
(
K∗

k + K̄∗
k

)]
Exk

0 = BT
k (E(zk+1|Fk−1)− Ezk+1)

+DT
k (E(zk+1wk|Fk−1)− E(zk+1wk))

+
(
LT
k +RkK

∗
k

)
(xk − Exk)

k ∈ Tt

(19)

and for any t ∈ T, � ∈ L2
F(t;R

n), (K∗, K̄∗)|Tt
is required to

be independent of the initial pair (t, �), and the following is
satisfied:

inf
v∈L2

F (T;Rm)
J(0;K∗x+ K̄∗Ex+ v) ≥ 0.

Introduce a couple of GDREs⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pk = Qk+AT
k Pk+1Ak+CT

k Pk+1Ck−HT
k W

†
kHk

Tk = Qk + Q̄k + (Ck + C̄k)
TPk+1(Ck + C̄k)

+ (Ak + Āk)
TTk+1(Ak + Āk)− H̄T

k W̄
†
kH̄k

PN = GN , TN = GN + ḠN

Wk, W̄k ≥ 0,WkW
†
kHk −Hk = 0

W̄kW̄
†
kH̄k − H̄k = 0, k ∈ T

(20)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Wk = Rk +BT
k Pk+1Bk +DT

k Pk+1Dk

Hk = BT
k Pk+1Ak +DT

k Pk+1Ck + LT
k

W̄k = Rk + R̄k + (Bk + B̄k)
TTk+1(Bk + B̄k)

+ (Dk + D̄k)
TPk+1(Dk + D̄k)

H̄k = (Bk + B̄k)
TTk+1(Ak + Āk)

+ (Dk + D̄k)
TPk+1(Ck + C̄k) + LT

k + L̄T
k

k ∈ T

(21)

and W †
k, W̄ †

k denote the pseudo-inverses of Wk and W̄k,
respectively. Note that WkW

†
kHk −Hk = 0 and W̄kW̄

†
kH̄k −

H̄k = 0 are required for any k ∈ T. Then (20) is a set of
constrained equations. The GEREs (20) are called solvable if all
the constrained equations WkW

†
kHk −Hk = 0, W̄kW̄

†
kH̄k −

H̄k = 0, k ∈ T, are satisfied.
Similar to [34, Corollary 4.1], we have the following result.
Lemma 2.2: Under the conditions that[
Qk Lk

LT
k Rk

]
≥ 0,

[
Qk + Q̄k Lk + L̄k

LT
k + L̄T

k Rk + R̄k

]
≥ 0, k ∈ T (22)

and GN ≥ 0, GN + ḠN ≥ 0, the GDREs (20) are solvable.
Denote H̄k, W̄k, Hk and Wk in (21) by, respectively,

H̄k(P, T ), W̄k(P, T ), Hk(P ) and Wk(P ) to emphasize the de-
pendence on (Pk+1, Tk+1). Furthermore, let⎧⎪⎪⎪⎨⎪⎪⎪⎩

J̄k(P, T ) = Qk + Q̄k

+(Ck + C̄k)
TPk+1(Ck + C̄k)

+(Ak + Āk)
TTk+1(Ak + Āk)− Tk

Jk(P ) = Qk +AT
k Pk+1Ak + CT

k Pk+1Ck − Pk

(23)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Hk(P, T ) =

[
J̄k(P, T ) H̄T

k (P, T )

H̄k(P, T ) W̄k(P, T )

]

Hk(P ) =

[
Jk(P ) HT

k (P )

Hk(P ) Wk(P )

] (24)

MGN ,ḠN

=

⎧⎨⎩(PT
k , T T

k

)
=(Pk, Tk)

∣∣∣∣∣∣
Hk(P, T )≥0,Hk(P )≥0,
k ∈ T, PN ≤ GN ,
TN ≤ GN + ḠN .

⎫⎬⎭. (25)

We then have the following result, which gives several equiv-
alent characterizations on the existence of the closed-loop
optimal strategy.

Theorem 2.2: The following statements are equivalent.

(i) Problem (MF-LQ) admits a closed-loop optimal strategy.
(ii) The GDREs (20) are solvable.

(iii) MGN ,ḠN
�= ∅.

(iv) For any t ∈ T and � ∈ L2
F(t;R

n)

inf
u∈L2(Tt;Rm)

J(t, �;u) > −∞. (26)

(v) For any t ∈ T and � ∈ L2
F(t;R

n), Problem (MF-LQ)t
with the initial state � admits an open-loop optimal
control.

When any of the above statements is true, the LQ problem is
attained by

uk = −W †
kHk(xk − Exk)− W̄ †

kH̄kExk, k ∈ T (27)
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i.e., {(−W †
kHk,W

†
kHk − W̄ †

kH̄k), k ∈ T} is a closed-loop
optimal strategy. Moreover, the optimal value is

V (ζ) = E
[
(ζ − Eζ)TP0(ζ − Eζ)

]
+ (Eζ)T T0Eζ. (28)

Proof: (i)⇒(ii). Let (K∗, K̄∗) be a closed-loop optimal
strategy of Problem (MF-LQ). From Proposition 2.1, for any
initial pair (t, �), (18) admits a solution (x, z) and (19) holds.
Since the backward state z does not appear in the forward
equation, the solution of (18) is unique. Define a map Γ

xt 	→ Γtxt = zt.

We know that Γ is linear and continuous. Noting that zN =
GN (xN − ExN ) + (GN + ḠN )ExN , we let

zk = Pk(xk − Exk) + TkExk, k ∈ T̄ (29)

with PN = GN , TN = GN + ḠN and Pk, Tk, k ∈ T, being
deterministic and determined below. From (18), it holds that⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Exk+1 =
[
(Ak + Āk)

+ (Bk + B̄k)
(
K∗

k + K̄∗
k

)]
Exk

Ezk =
(
AT

k +ĀT
k

)
Ezk+1+(Ck+C̄k)

TE(zk+1wk)

+
[
(Qk+Q̄k)+(Lk+L̄k)

(
K∗

k+K̄∗
k

)]
Exk

Ext = E�, EzN = (G+ Ḡ)ExN

(30)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1 − Exk+1 = [(Ak +BkK
∗
k) (xk − Exk)

+
{
(Ck +DkK

∗
k) (xk − Exk) +

[
(Ck + C̄k)

+ (Dk + D̄k)
(
K∗

k + K̄∗
k

)]
Exk

}
wk

zk − Ezk = AT
k (E(zk+1|Fk−1)− Ezk+1)

+ CT
k (E(zk+1wk|Fk−1)− E(zk+1wk))

+ (Qk + LkK
∗
k) (xk − Exk)

xt − Ext = �− E�, zN − EzN = G(xN − ExN ).

(31)

We have from (19), (29), (30) and (31) that⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Pt(xt − Ext) = zt − Ezt

=
[
(Qt + LtK

∗
t) +AT

t Pt+1 (At +BtK
∗
t)

+ CT
t Pt+1 (Ct +DtK

∗
t)
]
(xt − Ext)

0 =
[
BT

t Pt+1 (At +BtK
∗
t) +DT

t Pt+1

× (Ct +DtK
∗
t) +

(
LT
t +RtK

∗
t

)]
(xt − Ext)

(32)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

TtExt = Ezt

=
[
(Qt + Q̄t) + (Lt + L̄t)

(
K∗

t + K̄∗
t

)
+ AT

t + ĀT
t )Tt+1(At + Āt)

+
(
AT

t + ĀT
t

)
Tt+1(Bt + B̄t)

(
K∗

t + K̄∗
t

)
+ (Ct + C̄t)

TPt+1(Ct + C̄t)

+ (Ct + C̄t)
TPt+1(Dt + D̄t)

×
(
K∗

t + K̄∗
t

)]
Ext

0 =
{
(Bt + B̄t)

TTt+1(At + Āt) + (Lt + L̄t)
T

+ (Dt + D̄t)
TPt+1(Ct + C̄t)

+
[
(Bt + B̄t)

TTt+1(Bt + B̄t)

+ (Dt + D̄t)
TPt+1(Dt + D̄t)

+ (Rt + R̄t)
] (

K∗
t + K̄∗

t

)}
Ext.

(33)

Due to the definition of the closed-loop optimal strategy, t and
�(= xt) can be arbitrarily selected. Combining this, (32) and
(33), we have⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Pk = Qk +AT
k Pk+1Ak + CT

k Pk+1Ck

+
(
AT

k Pk+1Bk + CT
k Pk+1Dk + Lk

)
K∗

k

0 = BT
k Pk+1Ak +DT

k Pk+1Ck + LT
k

+
[
Rk +BT

k Pk+1Bk +DT
k Pk+1Dk

]
K∗

k

PN = G, k ∈ T

(34)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Tk = Qk + Q̄k + (Ak + Āk)
TTk+1(Ak + Āk)

+(Ck + C̄k)
TPk+1(Ck + C̄k)

+
[
(Ak + Āk)

TTk+1(Bk + B̄k)

+(Ck + C̄k)
TPk+1(Dk + D̄k) + Lk + L̄k

]
×
(
K∗

k + K̄∗
k

)
0 = (Bk + B̄k)

TTk+1(Ak + Āk) + (Lk + L̄k)
T

+(Dk + D̄k)
TPk+1(Ck + C̄k)

+
[
(Bk + B̄k)

TTk+1(Bk + B̄k)

+(Dk + D̄k)
TPk+1(Dk + D̄k) + (Rk + R̄k)

]
×
(
K∗

k + K̄∗
k

)
TN = GN + ḠN , k ∈ T.

(35)

From Lemma 3.1 of [4], (20) can be constructed by (34)
and (35).

(ii)⇒(iii). If the GDREs (20) have a solution {(Pk, Tk), k ∈
T̄} with PN = GN , TN = GN + ḠN , then by the Extended
Schur’s Lemma [8] we have

Hk(P, T ) ≥ 0, Hk(P ) ≥ 0. (36)

Hence, MGN ,ḠN
�= ∅.

(iii)⇒(ii). This part follows from a method of [5]. Suppose
MGN ,ḠN

�= ∅. Let {(P̃k, T̃k), k ∈ T̄} ∈ MGN ,ḠN
, and intro-

duce the following GDREs:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Uk = Jk(P̃ ) +AT
k Uk+1Ak + CT

k Uk+1Ck

− H̃T
k W̃

†
kH̃k

Vk = J̄k(P̃ , T̃ ) + (Ck + C̄k)
TUk+1(Ck + C̄k)

+ (Ak + Āk)
TVk+1(Ak + Āk)− ˜̄HT

k
˜̄W †
k
˜̄Hk

UN = GN − P̃N , VN = GN + ḠN − T̃N

W̃k,
˜̄Wk ≥ 0, W̃kW̃

†
kH̃k − H̃k = 0

˜̄Wk
˜̄W †
kH̄k − ˜̄Hk = 0, k ∈ T

(37)

with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

W̃k = Wk(P̃ ) +BT
k Uk+1Bk +DT

k Uk+1Dk

H̃k = Hk(P̃ ) +BT
k Uk+1Ak +DT

k Uk+1Ck

˜̄Wk = W̄k(P̃ , T̃ ) + (Bk + B̄k)
TVk+1(Bk + B̄k)

+ (Dk + D̄k)
TUk+1(Dk + D̄k)

˜̄Hk = H̄k(P̃ , T̃ ) + (Bk + B̄k)
TVk+1(Ak + Āk)

+ (Dk + D̄k)
TUk+1(Ck + C̄k), k ∈ T.

(38)

Then, the GDREs (37) are versions of (20) with Qk,
Qk + Q̄k, Lk, Lk + L̄k, Rk, Rk + R̄k replaced by Jk(P̃ ),
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J̄(P̃ , T̃ ), Hk(P̃ ), H̄k(P̃ , T̃ ),Wk(P̃ ), W̄k(P̃ , T̃ ), respectively.
Since{

Hk(P̃ , T̃ ) ≥ 0, Hk(P̃ ) ≥ 0, GN − P̃N ≥ 0

GN + ḠN − T̃N ≥ 0

the GDREs (37) are solvable by Lemma 2.2, and Uk, Vk ≥
0, k ∈ T̄. Letting Pk = Uk + P̃k, Tk = Vk + T̃k, k ∈ T̄ and by
simple calculations, we can get (P·, T·) which solves the
GDREs (20).

(iii)⇒(iv). Simple calculations show that

J(ζ;u)=

N−1∑
k=0

{[
Exk

Euk

]T
Hk(P, T )

[
Exk

Euk

]

+ E

([
xk − Exk

uk − Euk

]T
Hk(P )

[
xk − Exk

uk − Euk

])}
+ E

[
(xN − ExN )T (GN − PN ) (xN − ExN )

+ (ExN )T (GN + ḠN − TN )ExN

]
+ E

[
(ζ−Eζ)T P0 (ζ−Eζ)

]
+(Eζ)T T0Eζ. (39)

Therefore

J(ζ;u) ≥ E
[
(ζ − Eζ)TPl(ζ − Eζ)

]
+ (Eζ)T TlEζ > −∞.

(ii)⇒(i). Similar to (39), we can complete the square to
derive the optimal control (27). Due to space limitations,
the detailed proof is omitted here and we can refer to
[34, Theorem 4.3]. Clearly, {(−W †

kHk,W
†
kHk − W̄ †

kH̄k), k ∈
T} is a closed-loop optimal strategy.

(ii)⇒(v). The proof is also by completing the square.
(v)⇒(iv). This is clear.
(iv)⇒(ii). This has been founded in the proof of

[34, Theorem 4.3].
The property (28) follows naturally. This completes the

proof. �
Remark 2.2: In Remark 2.1, we have compared the open-

loop optimal control with the closed-loop optimal strategy. By
Theorem 2.2, we know that the existence of the closed-loop
optimal strategy is equivalent to that for all t ∈ T and all � ∈
L2
F(t;R

n), Problem (MF-LQ)t admits an open-loop optimal
control. In [34], (ii), (iv), and (v) are shown to be equivalent by
using a modified recursive method. In addition, the equivalent
characterization (via MF-FBSDE) of the existence of the open-
loop optimal control with a given initial state is not presented
in [34]. Furthermore, the open-loop optimal control and the
closed-loop optimal strategy are not clarified in [34]. Hence,
Theorem 2.2 of this paper is deeper and more general than
[34, Theorem 4.3].

III. INDEFINITE MEAN-FIELD STOCHASTIC LQ OPTIMAL

CONTROL OVER AN INFINITE HORIZON

In this section, an indefinite mean-field LQ optimal control
problem over an infinite time horizon is studied. Specifically,
introduce⎧⎪⎨⎪⎩

xk+1 = (Axk + ĀExk +Buk + B̄Euk)

+ (Cxk + C̄Exk +Duk + D̄Euk)wk

x0 = ζ, k ∈ {0, 1, 2, . . .}
(40)

J̃(ζ;u) =

∞∑
k=0

E
[
xT
kQxk + (Exk)

T Q̄Exk + 2xT
kLuk

+2(Exk)
T L̄Euk + uT

kRuk + (Euk)
T R̄Euk

]
. (41)

Let T̃ = {0, 1, 2, . . .}, and L2
F(T̃;H) be the set of H-valued

processes ν = {νk, k ∈ T̃} such that νk is Fk−1-measurable
and
∑∞

k=0 E|νk|2 < ∞. Introduce the admissible control set

Ũad =
{
u
∣∣∣u ∈ L2

F(T̃;R
m) and x(·; ζ, u) ∈ L2

F(T̃;R
n)
}

where x(·; ζ, u) denotes the state of (40) with the initial
state ζ and the control u. In what follows, the system equa-
tion (40) is denoted by [A, Ā, B, B̄;C, C̄,D, D̄]. Furthermore,
[A, Ā;C, C̄] denotes [A, Ā, 0, 0;C, C̄, 0, 0], and [A;C] denotes
[A, 0, 0, 0;C, 0, 0, 0]. Let X , in this section, denote the space
of all Rn-valued square-integrable random variables, endowed
with a norm ‖ · ‖: ‖z‖ =

√
EzT z for any z ∈ X .

Problem (MF-LQI). For any ζ ∈ X , find a u∗ ∈ Ũad such
that

J̃(ζ, u∗) = inf
u∈Ũad

J̃(ζ, u). (42)

Related to the open-loop optimal control of the finite-horizon
problem, in the infinite-horizon case we might investigate the
conditions on the existence of the optimal control for a fixed
initial state. However, until now there are two difficulties that
we need to overcome. The first one is about the finiteness
of J̃(ζ;u) and the stability of [A, Ā;C, C̄] with respect to a
fixed initial state ζ. To study Problem (MF-LQI), the finiteness
of J̃(ζ;u) is necessary, which corresponds to some set of
admissible controls. While for a fixed initial state, it is hard to
characterize the admissible control set for the infinite-horizon
LQ problems. Furthermore, it is also hard to characterize the
fact that [A, Ā;C, C̄] is stable from a given initial state. The
second difficulty is about the stability of the solution of the
(discrete-time) linear MF-BSDEs and MF-FBSDEs. In [35]
and [37], the continuous-time linear BSDEs over an infinite
horizon (without mean-field terms) are intensively studied. To
our knowledge, it is not easy to study the stability of the infinite-
horizon version of (9). Unlike the Brownian motion that drives
the continuous-time FBSDEs, the noise {wk} in this paper
is assumed to be any martingale difference with property (2).
Generally speaking, for the process {vk =

∑k
l=0 wl} we do

not have the so-called martingale characterization, as that of
the Brownian motion. Hence, in this paper we do not touch
the infinite-horizon MF-FBSDEs. Upon the above two points,
in this section we study the optimal control problem which
involves all the possible initial state in X . Clearly, u∗ satisfying
(42) is an open-loop optimal control, which is shown in the
following to be a closed-loop one. Furthermore, it is shown in
this case that the GAREs play a fundamental role in studying
the optimal value and the optimal control.

A. L2-Stability

Definition 3.1: System [A, Ā;C, C̄] is said to be L2-
exponentially stable from X , L2-globally summable from X ,
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L2-asymptotically stable from X , if for any ζ ∈ X the solution
of (40) satisfies, respectively

lim
k→∞

eλkE|xk|2 = 0, for some λ > 0

∞∑
k=0

E|xk|2 < ∞

lim
k→∞

E|xk|2 = 0.

By Theorem 2.1 and Theorem 2.7 of [33], we have the
following results.

Theorem 3.1: The following statements are equivalent:

(i) System [A, Ā;C, C̄] is L2-exponentially stable from X .
(ii) System [A, Ā;C, C̄] is L2-globally summable from X .

(iii) System [A, Ā;C, C̄] is L2-asymptotically stable from X .
(iv) For any Y, Y + Ȳ > 0, the Lyapunov equations{

X̄=(A+Ā)T X̄(A+Ā)+(C+C̄)TX(C+C̄)+Y+Ȳ

X=ATXA+ CTXC + Y

admit solution (X,X + X̄) with X,X + X̄ > 0.
(v) There exist Y, Y + Ȳ > 0, the discrete-time Lyapunov

equations⎧⎪⎨⎪⎩
X̄ = (A+ Ā)T X̄(A+ Ā) + (C + C̄)TX(C + C̄)

+ Y + Ȳ

X = ATXA+ CTXC + Y

admit solution (X,X + X̄) with X,X + X̄ > 0.
(vi) [A;C] is L2-stable from X , and A+ Ā is stable.

Remark 3.1: In what follows, the L2-exponentially stable
from X , L2-globally summable from X , L2-asymptotically
stable from X are all called L2-stable from X .

Definition 3.2: System [A, Ā, B, B̄;C, C̄,D, D̄] is said to be
open-loopL2-stabilizable from X if for any ξ ∈ X , there exists
u ∈ L2

F (T̃;R
m) such that the solution x(·; ξ, u) of (40) is in

L2
F(T̃;R

n). We then call such u an open-loop stabilizer.
Definition 3.3: System [A, Ā, B, B̄;C, C̄,D, D̄] is called to

be closed-loop L2-stabilizable from X if there exists a pair
(K, K̄) ∈ Rm×n × Rm×n such that for any x ∈ X , the closed-
loop system⎧⎪⎪⎪⎨⎪⎪⎪⎩

xk+1=
[
(A+BK)xk+(Ā+(B+B̄)K̄−BK)Exk

]
+
[
(C +DK)xk +

(
C̄ + (D + D̄)K̄

−DK)Exk

]
wk

x0 = ξ, k ∈ T̃

(43)

is L2-stable from X . In this case, we call that (K, K̄) or {uk =

K̄Exk +K(xkExk), k ∈ T̃} is stabilizing or a closed-loop
L2-stabilizer from X .

Proposition 3.1: The following statements are equivalent.

(i) [A, Ā, B, B̄;C, C̄,D, D̄] is open-loop L2-stabilizable
from X .

(ii) [A, Ā, B, B̄;C, C̄,D, D̄] is closed-loop L2-stabilizable
from X .

Remark 3.2: This result can be found in [33]. The main
technique to prove above result is to construct a definite mean-
field LQ problem with all the weighting matrices being positive
definite. For such an LQ problem and under the open-loop

L2-stabilizability of [A, Ā, B, B̄;C, C̄,D, D̄], the optimal con-
trol is closed-loop and the optimal system is L2-stable. This
means that the optimal control of this definite LQ problem is
a closed-loop L2-stabilizer from X . Furthermore, it is worth
mentioning that the open-loop stabilizability from X is a global
property. This is because in Definition 3.2 the referred property
holds for all the elements in X .

For simplicity, the closed-loop L2-stabilizability from X and
the open-loop L2-stabilizability from X are both called the
L2-stabilizability from X . Throughout this section, we pose the
following assumption.

(A) [A, Ā, B, B̄;C, C̄,D, D̄] is L2-stabilizable from X .

B. The GAREs

Let

M =
{
(P, T ) = (PT , T T )

∣∣∣H(P, T ) ≥ 0,H(P ) ≥ 0
}

(44)

where ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
H(P, T ) =

[
J̄(P, T ) H̄T (P, T )

H̄(P, T ) W̄ (P, T )

]

H(P ) =

[
J(P ) HT (P )

H(P ) W (P )

] (45)

with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

J̄(P, T ) = Q+ Q̄+ (C + C̄)TP (C + C̄)

+ (A+ Ā)TT (A+ Ā)− T

H̄(P, T ) = (B + B̄)TT (A+ Ā)

+ (D + D̄)TP (C + C̄) + LT + L̄T

W̄ (P, T ) = R+ R̄+ (D + D̄)TP (D + D̄)

+ (B + B̄)TT (B + B̄)

J(P ) = Q+ATPA+ CTPC − P

H(P ) = BTPA+DTPC + LT

W (P ) = R +BTPB +DTPD.

(46)

The following theorem shows the convergence of the solution
of the GDREs (20).

Theorem 3.2: If M �= ∅, then for any terminal con-
dition PN = P̃ , TN = T̃ with (P̃ , T̃ ) ∈ M, the solution
{(Pk, Tk),−∞ ≤ k ≤ N} of the time-invariant version of
GDREs (20) exists and is bounded. Moreover, Pk and Tk

are monotonically nondecreasing as k decreases, and (Pk, Tk)
converges to a solution (P, T ) of the following GAREs:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

P = Q+ATPA+ CTPC −HTW †H

T = Q+ Q̄+ (C + C̄)TP (C + C̄)

+(A+ Ā)TT (A+ Ā)− H̄T W̄ †H̄

W, W̄ ≥ 0,WW †H −H = 0

W̄W̄ †H̄ − H̄ = 0

(47)

with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

W = R+BTPB +DTPD

H = BTPA+DTPC + LT

W̄ = R+ R̄+ (B + B̄)TT (B + B̄)

+ (D + D̄)TP (D + D̄)

H̄ = (B + B̄)TT (A+ Ā) + (D + D̄)TP (C + C̄)

+ LT + L̄T .

(48)
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Proof: For (P̃ , T̃ ) ∈ M, introduce the following cost
functional:

JP̃ ,T̃ (l, ζ, u) =

N∑
k=l

E

{[
Exk

Euk

]T
H(P̃ , T̃ )

[
Exk

Euk

]

+

[
xk − Exk

uk − Euk

]T
H(P̃ )

[
xk − Exk

uk − Euk

]}
. (49)

By Corollary 2.2, we know that infu∈Uad
JP̃ ,T̃ (l, ζ, u) ≥ 0 >

−∞ for any (l, ζ). Furthermore, the corresponding value
function is

V (l, ζ)=E
[
(xl−Exl)

TUl(xl−Exl)
]
+(Exl)

TVlExl (50)

with xl = ζ. Here, (U·, V·) is the solution of the time-invariant
version of (37), which is denoted as (Uk,N , Vk,N ) to emphasize
the dependence on N . As ζ (= xl) is arbitrarily selected, by
(50) we have that for l1 < l2

Ul1,N ≥ Ul2,N , Vl1,N ≥ Vl2,N . (51)

Due to the time invariance, we have Ul,N = U0,N−l, Vl,N =
V0,N−l. Now, for any given x0 = ζ ∈ X and any stabilizing
control uk=K̄Exk+K(xk−Exk), we have from (49) and (50)

E
[
(x0 − Ex0)

TU0,N−l(x0 − Ex0)
]
+ (Ex0)

TV0,N−lEx0

≤
N−l∑
k=0

E

{[
Exk

K̄Exk

]T
H(P̃ , T̃ )

[
Exk

K̄Exk

]

+

[
xk − Exk

K(xk − Exk)

]T
H(P̃ )

[
xk − Exk

K(xk − Exk)

]}

≤ c
∞∑

k=0

E|xk|2 (52)

where c > 0 is a constant and independent of N and l. By
selecting x0 ∈ Rn, we have for any N, l

xT
0 V0,N−lx0 < ∞. (53)

On the other hand, let x0 = ξε with ξ ∈ Rn, and P (ε = −1) =
P (ε = 1) = (1/2). For this x0, from (52) we have

E
[
(x0 − Ex0)

TUl,N (x0 − Ex0)
]
= ξTU0,N−lξ < ∞. (54)

This together with (51), (53), and (54), gives⎧⎨⎩ lim
l→−∞

Ul,N = lim
N−l→∞

U0,N−l ≡ Ū

lim
l→−∞

Vl,N = lim
N−l→∞

V0,N−l ≡ V̄

and Ū , V̄ are bounded. Letting l → −∞, we have the
GAREs. Let Pk = Uk + P̃ , Tk = Vk + T̃ . Then, Pk and Tk

are monotonically nondecreasing as k increases, and (Pk, Tk)
converges to (P, T ) with (P, T ) being a solution of the
GAREs (47). �

We now introduce several notions about the solution of the
GAREs (47).

Definition 3.4: A solution of the GAREs (47) is called the
maximal solution, denoted by (P ∗, T ∗), if for any solution
(P, T ) of the GAREs (47), P ∗ ≥ P, T ∗ ≥ T hold.

Definition 3.5: A solution (P, T ) of the GAREs (47) is called
a stabilizing solution if the control

uk = −W̄ †H̄Exk −W †H(xk − Exk), k ∈ T̃

stabilizes (40) in the L2 sense, where, W̄ , H̄,W , and H are
given in (48).

Definition 3.6: A solution (P, T ) of the GAREs (47) is called
a semi-stabilizing solution if under

uk = −W̄ †H̄Exk −W †H(xk − Exk), k ∈ T̃ (55)

the spectral radius ρ(LK,K̄) ≤ 1.
The operation LK,K̄ in Definition 3.6 is defined as

LK,K̄(M) = (A1 +B1K1)
TM(A1 +B1K1)

+ (C1 +D1K1)
TM(C1 +D1K1)

+ (C2 +D2K1)
TM(C2 +D2K1) (56)

for M ∈ R2n×2n, where

A1 =

(
A+ Ā 0

0 A

)
, B1 =

(
B + B̄ 0

0 B

)
K1 =

(
K̄ 0
0 K

)
, C1 =

(
0 0
0 C

)
C2 =

(
0 0

C + C̄ 0

)
, D1 =

(
0 0
0 D

)
D2 =

(
0 0

D + D̄ 0

)
.

Let

P =

(
T 0
0 P

)
Δ
= diag{T, P}.

Then, from the GAREs (47), P satisfies{
P = Q+AT

1 PA1 + CT
1 PC1 + CT

2 PC2 −HTW†H

W ≥ 0, WW†H−H = 0

(57)
where{

W = R+BT
1 PB1 +DT

1 PD1 +DT
2 PD2

H = BT
1 PA1 +DT

1 PC1 +DT
2 PC2 + LT

(58)

with

R =

(
R+ R̄ 0

0 R

)
,Q =

(
Q+ Q̄ 0

0 Q

)
L =

(
L+ L̄ 0

0 L

)
.

By resorting to the GARE (57), we could easily establish the
existence of the maximal solution of the GAREs (47).

Lemma 3.1: Assume that the GAREs (47) and the GARE
(57) admit the maximal solutions and the stabilizing solutions.
Then the following statements hold.

(i) P∗ = diag{T ∗, P ∗} is the maximal solution of the GARE
(57) if and only if (P ∗, T ∗) is the maximal solution of the
GAREs (47).

(ii) P = diag{T, P} is a stabilizing solution of the GARE
(57) if and only if (P, T ) is a stabilizing solution of the
GAREs (47).
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Proof: (i) is clear. For (ii), we have from (58) that

W†H =

(
W̄ †H̄ 0
0 W †H

)
.

Hence, from [33, Lemma 5.1], −W†H is a stabilizing feedback
gain of the following system:⎧⎪⎨⎪⎩

αk+1 = (A1αk +B1vk) + (C1αk +D1vk)μk

+(C2αk +D2vk)θk

α0 = ς, k ∈ T̃

with μ = {μk, k ∈ T̃} and θ = {θk, k ∈ T̃} being two mu-
tually independently martingale difference sequences with
properties similar to (2) if and only if {uk = −W̄ †H̄Exk −
W †H(xk − Exk), k ∈ T̃} is a stabilizing control of (40).
Therefore, (ii) follows. �

Recalling that H(P, T ) and H(P ) are given in (45), we now
define

H(P) =

[
Q+AT

1 PA1 + CT
1 PC1 + CT

2 PC2 HT

H W

]
where H and W are given in (58).

Lemma 3.2: H(P) ≥ 0 if and only if H(P, T ) ≥ 0 and
H(P ) ≥ 0.

Proof: For any y = [yT1 yT2 yT3 yT4 ]
T ∈ R2(n+m) with

y1, y3 ∈ Rn and y2, y4 ∈ Rm, we have

yTH(P)y = yT1 J̄(P, T )y1+ yT1 H̄
T (P, T )y3+ yT3 H̄(P, T )y1

+ yT3 W̄ (P, T )y3 + yT2 J(P )y2 + yT2 H
T (P )y4

+ yT4 H(P )y2 + yT4 W (P )y4

=

[
y1
y3

]T
H(P, T )

[
y1
y3

]
+

[
y2
y4

]T
H(P )

[
y2
y4

]
.

Therefore, the conclusion follows. �
Lemma 3.3: If M �= ∅ and (A) are satisfied, then the follow-

ing statements hold.

(i) The GARE (57) admits the maximal solution P∗, which
is a semi-stabilizing solution.

(ii) A stabilizing solution of the GARE (57) is the maximal
solution.

Proof: From Lemma 3.2, we have

M =
{
(P, T ) = (PT , T T )

∣∣∣H(P) ≥ 0
}
.

Then we could resort to the methods in [5] and [6], of [1, Section
6.8 ], and [18, Theorem 5.3.1] to prove the conclusions. Due to
space limitations, we omit the proof here. �

Proposition 3.2: If M �= ∅ and (A) are satisfied, then the
following statements hold.

(i) The GAREs (47) admit the maximal solution and at most
a stabilizing solution.

(ii) If M has a nonempty interior (P̃ , T̃ ) in the sense that
H(P̃ , T̃ ) > 0,H(P̃ ) > 0, then the GAREs (47) admit a
stabilizing solution.

Proof: (i) follows from Lemma 3.1 and Lemma 3.3.
(ii) follows from the method to prove [5, Theorem 4.3]. �

C. Mean-Field Stochastic LQ Optimal Control Over an
Infinite Horizon

In this section, we shall show that the optimal value of
Problem (MF-LQI) can be expressed via the maximal solution
of the GAREs.

Theorem 3.3: If M �= ∅ and (A) are satisfied, then the
following statements hold.

(i) Problem (MF-LQI) is well-posed and the optimal value
Ṽ (x0) is given by E[(x0 − Ex0)

TP ∗(x0 − Ex0)] +
(Ex0)

TT ∗Ex0.
(ii) If the optimal control of Problem (MF-LQI) exists, then

an optimal control is

uk=−W ∗†H∗(xk−Exk)−W̄ ∗†H̄∗Exk, k∈ T̃ (59)

where W ∗, H∗, W̄ ∗ and H̄∗ are those in (48) with (P, T )
replaced by (P ∗, T ∗).

Proof: (i). Similar to the proof of (39), by completing the
squares we have that for any u ∈ Ũad

J̃(ζ, u)

=

∞∑
k=0

E

[
(xk−Exk)

T (Q +ATP ∗A+ CTP ∗C − P ∗

− H∗TW ∗†H∗)(xk − Exk)

+
(
uk − Euk +W ∗†H∗(xk − Exk)

)T
W ∗

·
(
uk − Euk +W ∗†H∗(xk − Exk)

)
+ (Euk+W̄ ∗†H̄∗Exk)

T W̄ ∗(Euk+W̄ ∗†H̄∗Exk)

+ (Exk)
T (Q + Q̄+ (C + C̄)TP ∗(C + C̄)

+ (A+Ā)TT ∗(A+Ā)−T−H̄∗T W̄ ∗†H̄∗)Exk

]
+ E

[
(x0 − Ex0)

TP ∗(x0 − Ex0)
]
+ (Ex0)

TT ∗Ex0

− lim
N→∞

E
[
(xN − ExN )TP ∗(xN − ExN )

]
− lim

N→∞
(ExN )TT ∗ExN

= E
[
(x0 − Ex0)

TP ∗(x0 − Ex0)
]
+ (Ex0)

TT ∗Ex0

+
∞∑

k=0

E

[(
uk − Euk +W ∗†H∗(xk − Exk)

)T
W ∗

·
(
uk − Euk +W ∗†H∗(xk − Exk)

)
+(Euk + W̄ ∗†H̄∗Exk)

T W̄ ∗

×(Euk + W̄ ∗†H̄∗Exk)
]
. (60)

Noting that W ∗, W̄ ∗ ≥ 0, we have

J̃(ζ, u) ≥ E
[
(x0 − Ex0)

TP ∗(x0 − Ex0)
]
+ (Ex0)

TT ∗Ex0.

Hence

Ṽ (x0) = inf
u∈Ũad

J̃(x0, u)

≥ E
[
(x0 − Ex0)

TP ∗(x0 − Ex0)
]
+ (Ex0)

TT ∗Ex0.
(61)

We now prove that the converse of (61) holds. For a
positive decreasing sequence {εi, i = 0, 1, 2, . . .}, we intro-
duce the GAREs with Q,Q+ Q̄, R, R̄ replaced by Q+
εiI,Q+ Q̄+ εiI, R + εiI, R̄+ εiI , respectively. For each i,
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the corresponding maximal solution of the GAREs is de-
noted as (Pεi , Tεi), which is the stabilizing solution. We
can see that Pε0 ≥ · · · ≥ Pεi ≥ Pεi+1

≥ · · · ≥ P , and Tε0 ≥
· · · ≥ Tεi ≥ Tεi+1

≥ · · · ≥ T . Furthermore, limi→∞ Pεi = P

and limi→∞ Tεi = T . For each i, take ui
k = −W †

iHi(xk −
Exk)− W̄ †

i H̄iExk . Then, we get

Ṽ (x0) ≤
∞∑

k=0

E
[
(xk)

T (Q + εiI)xk + (Exk)
T Q̄Exk

+ 2(xk)
TLuk + 2(Exk)

T L̄Euk + (uk)
T

×(R+ εiI)uk + (Euk)
T R̄Euk

]
= E

[
(x0 − Ex0)

TPεi(x0 − Ex0)
]
+ (Ex0)

TTεiEx0

(62)

where the equality is from the analysis similar to (60). Let-
ting i → ∞ in (62) leads to Ṽ (x0) ≤ E[(x0 − Ex0)

TP ∗(x0 −
Ex0)] + (Ex0)

TT ∗Ex0. This together with (61) leads to
Ṽ (x0) = E[(x0 − Ex0)

TP ∗(x0 − Ex0)] + (Ex0)
TT ∗Ex0.

The proof of (ii) follows from (i) and (60). This completes
the proof. �

In Theorem 3.3, (59) is shown to be an optimal control under
the condition that the optimal control of Problem (MF-LQI)
exists. A question arises naturally: When does the optimal
control of Problem (MF-LQI) exist? Noting (i) of Theorem 3.3,
equivalently, we may ask: Is the maximal solution of the
GAREs (47) a stabilizing solution? In fact, this question relates
to an open problem raised by [42] of finding an LQ optimal
control using the primal-dual SDP technique. To the best of our
knowledge, this question has not yet been addressed. In what
follows, we shall study some aspects of this open problem.

For M ∈ R2m×2n, define an operator

ΓM(Z) = (A1 +B1M)Z(A1 +B1M)T

+

2∑
i=1

[
(Ci +DiM)Z(Ci +DiM)T , Z ∈ R2n×2n.

Clearly, ΓM is a linear, compact and positive operator defined
on R2n×2n. If M = 0, ΓM will be denoted as Γ, i.e.,

Γ(Z) = A1ZAT
1 +

2∑
i=1

CiZCT
i . (63)

Theorem 3.4: If M �= ∅ and (A) are satisfied, then the
following statements hold.

(i) If 1 is an eigenvalue of Γ, then the following statements
hold.

a) Let the maximal solution (P ∗, T ∗) of the GAREs
(47) with properties W ∗ > 0, W̄ ∗ > 0 be the sta-
bilizing solution. Then any symmetric eigenvector
χ of Γ corresponding to 1 is Q-observable in the
sense that Qχ �= 0.

b) If Q,Q+ Q̄ ≥ 0, R,R+ R̄ ≥ 0 and any sym-
metric eigenvector χ of Γ corresponding to 1 is
Q-observable, then the maximal solution of
GAREs (47) is the stabilizing solution.

(ii) Let Q,Q+ Q̄ ≥ 0, R,R+ R̄ > 0. Then the following
statements hold.

a) If 1 is an eigenvalue of Γ, then the following statements
are equivalent.

i′) The maximal solution of the GAREs (47) is the
stabilizing solution.
ii′) Any symmetric eigenvector χ of Γ corresponding
to 1 is Q-observable.

b) If 1 is not an eigenvalue of Γ, then the maximal solution
of the GAREs (47) is the stabilizing solution.

Proof: (i)-a). From Lemma 3.1, we know that the max-
imal solution P∗ of the GARE (57) is the stabilizing solution
with property W∗ > 0. Let K∗ = −W∗†H∗. Then the GARE
(57) can be rewritten as

P∗ = Q+AT
1 P

∗A1 +

2∑
i=1

CT
i P

∗Ci −K∗TWK∗. (64)

Hence, it holds that

ϕ̂(P∗) + (K∗T ⊗K∗T )ϕ̂(W∗)

= ϕ̂(Q) +

[
AT

1 ⊗AT
1 +

2∑
i=1

CT
i ⊗ CT

i

]
ϕ̂(P∗)

where

ϕ̂(P∗) =
(
P∗T
1 , . . . ,P∗T

n

)T ∈ R4n2

with P∗
1, . . . ,P

∗
n being the columns of P∗. Assume χ1 is a

symmetric eigenvector of Γ corresponding to 1, and Qχ1 = 0.
Then, we have[
A1 ⊗A1 +

2∑
i=1

Ci ⊗ Ci

]
ϕ̂(χ1) = ϕ̂(χ1)

ϕ̂(χ1)
T ϕ̂(P∗) + ϕ̂(χ1)

T (K∗T ⊗K∗T )ϕ̂(W∗)

= ϕ̂(χ1)
T

[
AT

1 ⊗AT
1 +

2∑
i=1

CT
i ⊗ CT

i

]
ϕ̂(P∗)+ ϕ̂(χ1)

T ϕ̂(Q).

Hence,

ϕ̂(χ1)
T (K∗T ⊗K∗T )ϕ̂(W∗) = ϕ̂(χ1)

T ϕ̂(Q)

or equivalently,

Tr[Qχ1] = Tr
[
χ

1
2
1 K

∗TW∗K∗χ
1
2
1

]
.

As Qχ1 = 0 and W∗ > 0, it holds that K∗χ1 = 0. From this,
we then have

ΓK∗(χ1) = (A1 +B1K
∗)χ1(A1 +B1K

∗)T

+

2∑
i=1

[
(Ci +DiK

∗)χ1(Ci +DiK
∗)T

= Γ(χ1) = χ1.

Hence, 1 is an eigenvalue of Γ∗
K

. This contradicts that P∗ is the
stabilizing solution. Therefore, any symmetric eigenvector χ of
Γ corresponding to 1 is Q-observable.
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(i)-b). Let P∗ be the maximal solution of (57) and K∗ =
−W∗†H∗. Then the GARE (57) can be rewritten as

P∗ = Q+K∗TRK∗ + (A1 +B1K
∗)TP(A1 +B1K

∗)

+

2∑
i=1

(Ci +DiK
∗)TP∗(Ci +DiK

∗).

Hence

ϕ̂(P∗) = ϕ̂(Q) + (K∗T ⊗K∗T )ϕ̂(R) + A+ϕ̂(P
∗) (65)

where

A+
Δ
= (A1 +B1K

∗)T ⊗ (A1 +B1K
∗)T

+
2∑

i=1

(Ci +DiK
∗)T ⊗ (Ci +DiK

∗)T .

Assume now that the maximal solution P∗ of the GARE (57)
is not the stabilizing solution. Then the spectral radius ρ(ΓK∗)
equals to 1, as P∗ is a semi-stabilizing solution. Therefore, 1 is
an eigenvalue of ΓK∗ and there exists a matrix η ≥ 0 such that

AT
+ϕ̂(η) = ϕ̂(η). (66)

Pre-multiplying ϕ̂(η)T in (65), we have

ϕ̂(η)T ϕ̂(P∗) = ϕ̂(η)T ϕ̂(Q) + ϕ̂(η)T (K∗T ⊗K∗T )ϕ̂(R)

+ ϕ̂(η)TA+ϕ̂(P
∗). (67)

Combining (66) and (67) becomes

0 = ϕ̂(η)T ϕ̂(Q) + ϕ̂(η)T (K∗T ⊗K∗T )ϕ̂(R)

= Tr
[
Qη + η

1
2K∗TRK∗η

1
2

]
. (68)

As Q ≥ 0,R ≥ 0, we then have

Qη = 0. (69)

which contradicts the condition that Qη �= 0. Therefore, the
maximal solution P∗ of the GARE (57) is a stabilizing solution.
From Lemma 3.1, the maximal solution of the GAREs (47) is
the stabilizing solution.

(ii). We need only to prove (ii)-b). Suppose that the maximal
solution of the GARE (57) is not the stabilizing solution. By
an analysis similar to above, we have from (68) and the fact
Q,Q+ Q̄ ≥ 0, R,R+ R̄ > 0 that Kη = 0. Combining the fact
Γ∗
K
(η) = η, we have

η = ΓK∗(η) = A1ηA
T
1 +

2∑
i=1

CiηC
T
i . (70)

Therefore, 1 is an eigenvalue of Γ, which contradicts the
condition. Hence, the maximal solution of the GARE (57) is the
stabilizing solution. From Lemma 3.1, the maximal solution of
the GAREs (47) is the stabilizing solution. This completes the
proof. �

IV. EXAMPLES

In this section, we give some numerical experiments about
calculating the maximal solution of the GAREs (47).

Fig. 1. Curve of E|xk|2 with initial state x0 = [1− 20]T .

Example 4.1: The system matrices and the weighting matri-
ces are given as follows:

A =

[
2.0 1.0
0.0 2.0

]
, Ā =

[
2.0 1.0
0.0 1.0

]
, B =

[
1.0 0.0
0.0 1.0

]
B̄ =

[
1.0 0.5
0.5 1.0

]
, C =

[
1.0 0.0
0.5 1.0

]
, C̄ =

[
1.0 0.0
0.0 1.0

]
D =

[
1.0 0.0
0.0 1.0

]
, D̄ =

[
1.0 0.0
0.5 1.0

]
, L =

[
1.0 0.0
0.0 1.0

]
Q =

[
7.8889 0.8333
0.8333 6.2222

]
, Q̄ =

[
−3.2525 −6.3210
−6.3210 −0.1419

]
L̄ =

[
1.0 0.0
0.0 1.0

]
, R =

[
−1.0 0.0
0.0 −1.0

]
R̄ =

[
−1.0 0.0
0.0 −1.0

]
.

Clearly, Q > 0, R < 0, R̄ < 0, and Q+ Q̄ is indefinite
as the eigenvalues of Q+ Q̄ are −0.1766 and 10.8933. By
standard SDP theory [42], the maximal solution (P ∗, T ∗) of
the corresponding GAREs can be calculated by the following
optimization problem:

maximize Tr(P ) +Tr(T )

subject to (P, T ) ∈ M.

It is known that the SDP algorithm has a polynomial computa-
tion complexity. Solving above problem gives

P ∗ =

[
5 0
0 5

]
, T ∗ =

[
5 0
0 5

]
.

Using this maximal solution, we construct the control

uk = −W̄ ∗−1H̄∗Exk −W ∗−1H∗(xk − Exk)
Δ
= K∗Exk + K̄∗(xk − Exk), k ∈ T̃ (71)

where

K∗ =

[
−1.7778 −0.5556
−0.2778 −1.7778

]
K̄∗ =

[
−1.6543 −0.3082
0.2501 −1.3344

]
.

The spectral radius ρ(LK∗,K̄∗) is shown to be 0.9087. Hence,
the maximal solution (P ∗, T ∗) is the stabilizing solution. A
curve of E|xk|2 under the control (71) is shown in Fig. 1.
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Fig. 2. Curve of E|xk|2 with initial state x0 = [−0.1 30]T .

Example 4.2: The system matrices and weighting matrices
are given as follows:

A =

[
1.0 0.5
0.0 1.0

]
, Ā =

[
1.0 0.5
0.0 0.5

]
, B =

[
1.0 0.0
0.0 1.0

]
B̄ =

[
1.0 0.5
0.5 1.0

]
, C =

[
1.0 0.0
0.5 1.0

]
, C̄ =

[
1.0 0.0
0.0 1.0

]
D =

[
1.0 0.0
0.0 1.0

]
, D̄ =

[
1.0 0.0
0.5 1.0

]
, L =

[
1.0 0.0
0.0 1.0

]
Q =

[
5.3182 0.0000
0.0000 5.3182

]
, Q̄ =

[
1.0158 −0.7543
−0.7543 0.1561

]
L̄ =

[
1.0 0.0
0.0 1.0

]
, R =

[
1.0 0.0
0.0 1.0

]
, R̄ =

[
1.0 0.0
0.0 1.0

]
.

Here, Q,Q+ Q̄ > 0 and R,R+ R̄ > 0. We then have that

P ∗ =

[
5 0
0 5

]
, P̄ ∗ =

[
5 0
0 5

]
K∗ =

[
−1.0000 −0.2273
−0.2273 −1.0000

]
(72)

K̄∗ =

[
−1.0123 −0.1285
0.1199 −0.8687

]
. (73)

Furthermore, the spectral radius ρ(LK∗,K̄∗) is shown to be
0.1260. Hence, the maximal solution (P ∗, T ∗) is the stabilizing
solution. A curve of E|xk|2 under the control (71) [with K∗ and
K̄∗ given in (72) and (73)] is shown in Fig. 2.

Example 4.3: The system matrices are same to those of
Example 4.2, and the weighting matrices are given as follows:

Q =

[
12.6550 1.0819
1.0819 7.2602

]
, Q̄ =

[
3.0980 −1.9252
−1.9252 0.9536

]
L =

[
1.0 0.0
0.0 1.0

]
, L̄ =

[
1.0 0.0
0.0 1.0

]
R =

[
−1.0 0.0
0.0 −1.0

]
, R̄ =

[
−1.0 0.0
0.0 −1.0

]
.

Here, Q,Q+ Q̄ > 0 and R,R+ R̄ < 0. We then have

P ∗ =

[
10 0
0 5

]
, P̄ ∗ =

[
10 0
0 5

]
K∗ =

[
−1.1053 −0.2632
−0.2778 −1.2222

]
(74)

K̄∗ =

[
−1.0739 −0.1134
0.1600 −0.9810

]
. (75)

Fig. 3. Curve of E|xk|2 with initial state x0 = [−5 19]T .

Furthermore, the spectral radius ρ(LK∗,K̄∗) is shown to be
0.3647. Hence, the maximal solution (P ∗, T ∗) is the stabilizing
solution. A curve of E|xk|2 under the control (71) [with K∗ and
K̄∗ given in (74), (75)] is shown in Fig. 3.

V. CONCLUSION

In this paper, the finite-horizon and the infinite-horizon
mean-field LQ optimal control problems are studied. For the
finite-horizon case, the open-loop optimal control and the
closed-loop optimal strategy are introduced, whose relationship
is carefully investigated. It is shown that the MF-FBSDEs and
the GDREs play important roles in studying these two notions.
In the infinite-horizon case, the maximal solution of the GAREs
is employed to express the optimal value. Furthermore, the
relationship between the maximal solution and the stabilizing
solution is intensively investigated.

Clearly, the coefficients of the system and the cost weighting
matrices are deterministic, which makes it possible for us to
separately deal with the two orthogonal parts of the state and
the control. This in fact plays a fundamental role to derive the
main results of this paper. In the future, we should develop
new methodology to study the mean-field LQ problems with
random parameters. Another class of problems is about the
(discrete-time) MF-BSDEs. On the one hand, the linear MF-
BSDEs over an infinite horizon is really interesting, by which
we can investigate the infinite-horizon mean-field LQ prob-
lems. On the other hand, the nonlinear MF-BSDEs are also
interesting. Furthermore, the discrete-time MF-BSDE studied
in this paper is different from that in [16] and [17], where
the BSDEs are of finite state. Lastly, Problem (MF-LQI) is
a zero-endpoint problem as any admissible control stabilizes
[A, Ā, B, B̄;C, C̄,D, D̄]. It is reasonable to consider the free-
endpoint problem [27], [39] and to study the set of the solutions
of the GAREs.
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